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Abstract: The construction of the ghost number zero and one vertex operators for the
11D pure spinor superparticle will be revisited. In this sense, an alternative way of defining
the ghost number one vertex operator will be given after introducing a ghost number -
2 operator made out of physical operators defined on the 11D non-minimal pure spinor
superspace. This procedure will make explicit and transparent the relation between the
ghost number three and one vertex operators. In addition, using a non-Lorentz covariant
b-ghost, ghost number zero and two vertex operators satisfying standard descent equations
will be presented in full form.
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1 Introduction
11D supergravity [1] has been conjectured to be the low-enery limit of the so-called
M-Theory [2, 3]. Since 11D supergravity naturally couples to a supermembrane, this latter
was proposed to be the underlying worldvolume theory whose physical spectrum would be
the UV-completion of 11D supergravity [4, 5]. The importance of its study relies on the
direct relationship between the eleventh coordinate length and the closed string coupling
constant, which implies that M-Theory interactions encode non-perturbative information
of string theory.
On the other hand, the pure spinor formalism for superstrings [6] has been shown to
be extremely powerful and efficient for scattering amplitudes computations as compared to
the traditional RNS and Green-Schwarz superstrings. This nice feature, among others, is
a direct consequence of the built-in manifest supersymmetry, the simplicity of its BRST
operator, and the properties of 10D pure spinor variables. Using similar ideas, Berkovits
proposed in [7] a pure spinor formulation for studying supermembranes. As for super-
strings, this pure spinor supermembrane exhibits manifest super-Poincaré symmetry, and
its BRST operator is given by a simple expression involving the fermionic Green-Schwarz
supermembrane constraint. However, unlike the 10D case, the 11D pure spinor variables
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are required to satisfy extra constraints in such a way that the supermebrane action and
BRST operator are BRST-invariant and nilpotent, respectively.
A particular limit of the pure spinor supermembrane, namely the one obtained when
all the worldvolume fields are independent of the spatial worldvolume coordinates, defines
the so-called 11D pure spinor superparticle. The light-cone Hilbert spaces corresponding
to this pure spinor worldline model and the 11D Brink-Schwarz-like superparticle [8] have
been shown to be equivalent to each other [9]. More covariantly, this pure spinor superpar-
ticle model can actually be shown to describe the 11D supergravity degrees of freedom in
its Batalin-Vilkovisky description, where physical states are located at ghost number three
cohomology [7]. In this manner, 11D pure spinor worldline correlators might provide us
an efficient way to calculate 11D supergravity scattering amplitudes in a manifestly super-
symmetric way. For such a purpose, an 11D N-point correlation function prescription was
given in [10]. This involves two ghost number three vertex operators, one ghost number
one vertex operator and N-3 ghost number zero vertex operators, so that the seven zero
modes of the 11D pure spinor variable are completely saturated. Thus, the existence and
construction of the ghost number one and zero vertex operators play a crucial role from a
phenomenological viewpoint.
A BRST-closed ghost number one worldline vertex operator has been recently con-
structed in [11]. The 3-point correlation function involving this operator was shown to
match the 3-point coupling of the 11D supergravity pure spinor master action [16]. How-
ever, as discussed before, higher-point correlators require the construction of the ghost
number zero vertex. This problem was also tackled in [11], and it was reported an in-
compatibility between the existence of this operator in the minimal formalism, satisfying a
standard descent equation, and 11D supergravity. Nevertheless, an alternative solution us-
ing the non-minimal 11D b-ghost [12, 13] was proposed, even though no explicit expressions
for it was calculated.
In this paper, we revisit the construcion of the ghost number one and zero vertex
operators. Concretely, we show the ghost number one vertex operator can actually be
obtained from the ghost number three vertex operator via a ghost number -2 operator
made out of the so-called physical operators. These physical operators were introduced in
[14, 15] for constructing pure spinor master actions for maximally supersymmetric gauge
theories [16, 17]. They describe non-trivial cohomology up to shift symmetry terms, which
can be read off from superspace equations of motion. In this way, the relationship between
the ghost number three and one operators is made precise and transparent. In addition to
this, we construct a ghost number zero vertex operator using a non-Lorentz covariant or
Y-formalism-like 11D b-ghost acting on the ghost number one vertex operator. Although
this b-ghost is not Lorentz-covariant, its variation under Lorentz-transformations is BRST-
exact, so that the ghost number zero vertex operator is Lorentz-invariant up to BRST-exact
terms. By construction, this ghost number zero vertex will also be invariant under local
gauge transformations up to BRST-exact and surface terms, and satisfy a standard descent
equation. However, unlike the 10D case, this vertex will present explicit dependence on the
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non-Lorentz covariant spinor Yα which makes difficult its use for practical purposes. We
elaborate a discussion on this point and present some thoughts which might eventually help
us to fix this problem. For completeness, we also derive a ghost number two non-singular
vertex operator which is related to the ghost number three vertex through a standard
descent equation.
The paper is organized as follows. We review the 11D pure spinor superparticle and its
quantization in section 2. 11D physical operators are introduced in section 3, and an explicit
map constructed out of them relating the ghost number three and one vertex operators is
presented. In section 4, the ghost number zero vertex operator is explicitly constructed by
making use of a non-Lorentz covariant b-ghost. In order to illustrate this procedure in a
simpler way, we give a brief review on its 10D analogue in Appendix A. In section 5, we
apply similar ideas to the ghost number three vertex and define a ghost number two vertex
operator. Finally, we discuss our results in section 6.
2 11D pure spinor superparticle
The eleven-dimensional pure spinor superparticle action is given by [7, 9]
S =
∫
dτ
[
Pm∂τX
m + pµ∂τθ
µ + wα(∂τλ
α + ∂τZ
MΩMβ
αλβ)
]
(2.1)
We use Greek/Latin letters from the beginning of the alphabet to denote tangent-space
eleven-dimensional spinor/vector indices, and Greek/Latin letters from the middle of the al-
phabet to denote coordinate-space eleven-dimensional spinor/vector indices. Furthermore,
capital letters from the beginning/middle of the alphabet will denote tangent/coordinate-
superspace indices. In (2.1), Xm is an eleven-dimensional spacetime coordinate, θµ is an
eleven-dimensional Majorana spinor, ZM = (Xm, θµ), λα is a bosonic eleven-dimensional
Majorana spinor satisfying λΓaλ = 0; Pm, pµ, wα are the conjugate momenta associ-
ated to Xm, θµ, λα respectively, and ΩMβα is the background super-spin-connection. The
32× 32 symmetric matrices (Γa)αβ and (Γa)βδ are the 11D gamma-matrices which satisfy
(Γ(a)αβ(Γb))βδ = η
abδαδ . The BRST operator is given by
Q0 = λ
αdα (2.2)
where
dα = E
M
α (PM + ΩMβ
γwγλ
β) (2.3)
In a flat Minkowski background, dα = Pα− 12(Γmθ)αPm are the fermionic constraints of the
11D Brink-Schwarz-like superparticle. The nilpotency of Q0 straightforwardly follows from
the pureness of λα. We have written down a subscript 0 in (2.2) to indicate this operator
corresponds to the minimal formalism of the 11D superparticle (2.1). A slight modification
of (2.2) will take place later on when we introduce non-minimal pure spinor variables.
The physical spectrum is defined as the BRST-cohomology of Q0. One can show
that the eleven-dimensional linearized supergravity physical fields are described by the
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ghost number three state: U (3) = λαλβλδCαβδ [7], where Cαβδ is the lowest dimensional
component of the 11D supergravity super-three-form CABC . To see this, one writes the most
general ghost number three superfield U (3) = λαλβλδC˜αβδ and imposes on it the physical
state conditions. In this way, one finds that C˜αβδ must obey the following equations of
motion and gauge transformations
D(αC˜βδ) = (Γ
a)(αβC˜|a|δ)
δC˜αβδ = D(αΛβδ) (2.4)
for some arbitrary superfield Λβδ. These are exactly the superspace constraints describing
linearized 11D supergravity [18], and so one identifies C˜αβδ = Cαβδ. Its lowest order theta-
expansion reads
Cαβδ = (Γ
aθ)α(Γ
bθ)β(Γ
cθ)δCabc(x) + (Γ
(aθ)α(Γ
b)cθ)β(Γcθ)δhab(x)
+(Γbθ)α[(Γ
cθ)β(Γ
dθ)δ(θΓcd) − (Γcdθ)β(Γcθ)δ(Γdθ)]χb(x) + . . . (2.5)
where the fields Cabc(x), hab(x), χαb (x) satisfy the linearized 11D supergravity equations of
motion and gauge invariances
∂c[∂chab − 2∂(ahb)c]− ∂a∂bhcc = 0 , δhab = ∂(bΛc)
∂d∂[aCbcd] = 0 , δCabc = ∂[aΛbc]
(Γabc)αβ∂bχ
β
c = 0 , δχ
β
a = ∂aΛ
β (2.6)
where Λa, Λbc, Λα are arbitrary gauge parameters. Using the reducibility or fixed point
methods, it can be shown that the remaining non-trivial cohomology is found at ghost
number 0, 1, 2, 4, 5, 6 and 7 states; describing the ghosts, antifields and antighosts of
linearized 11D supergravity in its BV formulation.
Using the 11D scalar top cohomology, one can define a BRST-invariant and supersym-
metric measure as 〈λ7θ9〉 = 1 for computing scattering amplitudes of N external states.
This measure has been successfully used to get the kinetic terms of the 11D supergravity
action from a second-quantized point of view [7]. The tree-level N-point amplitude is then
given by the N-point correlator [10]
A11DN = 〈U (3)1 (τ1)U (3)2 (τ2)U (1)3 (τ3)
∫
dτ4U
(0)
4 (τ4) . . .
∫
dτNU
(0)
N (τN )〉 (2.7)
In this expression U (3) is the ghost number three superparticle vertex operator introduced
above, U (1) is a ghost number one vertex operator, and U (0) is a vertex operator of ghost
number zero. The properties these operators must satisfy can easily be obtained from the
pure spinor supermembrane formulation in the appropriate limit [7]. Thus, one finds that
{Q,U (3)} = 0 , {Q,U (2)} = ∂τU (3) , {Q,U (1)} = 0 , {Q,U (0)} = ∂τU (1) (2.8)
The operator U (1) has been recently constructed in [11]. We briefly review this construction
in next section, and present a compact relation between it and U (3). On the other hand,
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the operator U (0) was shown to be incompatible with 11D supergravity in the minimal
framework. We address this issue in section 4 after introducing a non-Lorentz covariant or
Y-formalism-like 11D b-ghost.
An alternative prescription for computing N-point correlators makes use of the ghost
number four vertex operator U (4) which contains the antifields of the 11D supergravity
physical fields [7]. In this scheme, the ghost number zero operator U (0) plays a crucial
role even for the 3-particle amplitude. Therefore, the existence and construction of U (0)
is fundamental for the pure spinor wordline model to provide concrete predictions on 11D
supergravity interactions.
Despite the nice features of the 11D pure spinor measure 〈λ7θ9〉 = 1 mentioned above,
it is a degenerate quantity, and thus it is not a well-defined integration measure. In order
to solve this problem, one introduces non-minimal pure spinor variables [19] consisting of
a pair of conjugate variables (λ¯α, w¯β), (rα, sβ) satisfying λ¯Γaλ¯ = λ¯Γar = 0, through the
quartet argument, which means the BRST operator is modified to
Q = Q0 + rαw¯
α (2.9)
so that the cohomology remains the same as before. One then defines an integration measure
on non-minimal pure spinor superspace as [14]
[dZ] = d11X d32θ [dλ][dλ¯][dr]N (2.10)
where
[dλ]λα1 . . . λα7 = (T−1)α1...α7β1...β23dλ
β1 . . . dλβ23[
dλ¯
]
λ¯α1 . . . λ¯α7 = (T )
β1...β23
α1...α7 dλ¯β1 . . . dλ¯β23
[dr] = (T−1)α1...α7β1...β23 λ¯α1 . . . λ¯α7(
∂
∂rβ1
) . . . (
∂
∂rβ23
) (2.11)
The Lorentz-invariant tensors (T ) β1...β23α1...α7 and (T−1)
α1...α7
β1...β23
were defined in [14].
They are symmetric and gamma-traceless in (α1, . . . , α7) and are antisymmetric in [β1, . . . , β23].
N is a regularization factor which is given by N = e−λλ¯−rθ. Since the measure converges as
λ16λ¯23 when λ→ 0, the tree-level correlator is well-defined if the integrand in (2.7) diverges
slower than λ−16λ¯−23.
3 Ghost number one vertex operator
The ghost number one vertex operator was constructed in [11] as a first order de-
formation to the BRST operator Q0 = λαdα in a flat background. It takes the explicit
form
U (1) = λαhα
aPa − λαhαβdβ − λαΩαβδλβwδ (3.1)
where hαa, hαβ are the deformations of Dα along the directions Dβ , ∂a, and Ωαβδ is the
lowest-dimensional component of the super-spin-connection ΩABC . Using the linearized
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11D supergravity equations of motion
2D(αhβ)
a + 2h(α
δ(Γa)β)δ − hba(Γb)αβ = 0 (3.2)
2D(αhβ)
δ − 2Ω(αβ)δ − (Γa)αβhaδ = 0 (3.3)
Rαβ,c
d − 2D(αΩβ)cd + (Γa)αβΩa cd = 0 (3.4)
1
4
(Γab)(δ
γRαβ),ab + (Γ
a)(αβTδ)a
γ = 0 (3.5)
∂ahα
b −Dαhab + haβ(Γb)βα + Ωαab = 0 (3.6)
∂ahα
β −Dαhaβ + Taαβ − Ωaαβ = 0 (3.7)
Raα,β
δ − ∂aΩαβδ +DαΩa βδ = 0 (3.8)
one can show that U (1) is BRST-closed. Moreover, it is invariant under super-gauge trans-
formations up to BRST-exact terms.
Next, we will derive U (1) in (3.1) from the ghost number three vertex U (3) studied in
section 2 through a ghost number -2 operator constructed out of non-minimal pure spinor
variables.
3.1 Physical operators
As done in 10D [15], one can convert eqns. (3.2)-(3.5) into operator equations after
introducing the so-called physical operators. For this purpose, one multiplies on both sides
of (3.2)-(3.5) by λαλβ to get
Q(Φa) + (λΓa)αΦ
α = 0 (3.9)
Q(Φα)− λβΦβα = 0 (3.10)
Q(Φα
β) + (λγa)αTaβ = 0 (3.11)
where Φa = λαhαa, Φα = λαhαβ , Φβα = λδΩδ βα, and Taβ = λαTaαβ . One then defines
ghost number -2 operators acting on the ghost number three vertex operator as follows
ΦˆaU (3) = Φa +Q(fa) + (λΓa)αO
α (3.12)
ΦˆαU (3) = Φα −Q(Oα) + λαOαβ + λαO (3.13)
Φˆα
βU (3) = Φα
β +Q(Oα
β) +Q(O) + (λΓa)αFaβ (3.14)
...
where fa, Oα, Oαβ = (Γab)αβOab, O, Faα are ghost number zero superfields to be deter-
mined. The non-BRST exact terms appearing on the right-hand side of eqns. (3.12)-(3.14)
are called shift-symmetry terms, and their origin lies in the dynamical structure of the
model in study. The ellipsis below eqn. (3.14) stands for further physical operators which
will be irrelevant for our purposes. The 11D supergravity equations of motion then require
these operators obey the relations[
Q, Φˆa
]
+ (λΓa)αΦˆ
α = 0 (3.15)
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{Q, Φˆα} − λβΦˆβα = 0 (3.16)[
Q, Φˆα
β
]
+ (λΓa)αTˆaβ = 0 (3.17)
Notice that eqns. (3.12)-(3.14) are consistent with (3.15)-(3.17).
In [14], an explicit expression for Φˆa was given. Its form can be cast as
Φˆa = −8
[
1
η
(λ¯Γabλ¯)∂b − 2
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcdD)
+
32
η3
(λ¯Γabλ¯)(λ¯Γcdr)(λ¯Γefr)(λΓe[fλ)(λΓbcd]w)
]
(3.18)
where η = (λΓabλ)(λΓabλ¯). After some algebraic manipulations, one shows that (3.18)
indeed satisfies eqn. (3.15) with Φˆα given by
Φˆα = −32
η2
ξαc (λ¯Γ
cdr)∂d +
64
η3
ξαe (λ¯Γ
efr)(λ¯Γcdr)(λΓfcdD)
+64
[
Q,
ξαe
η3
]
(λ¯Γefr)(λ¯Γcdr)(λΓfcdw) (3.19)
where ξαc takes the form
ξαc = −2(λ¯Γc)α(λ¯λ)− 2(λ¯Γb)α(λ¯ΓbΓcλ) + 2(λ¯Γbc)α(λΓbλ¯) + 4λ¯α(λΓcλ¯) (3.20)
One then let (3.18) act on the ghost number three wavefunction to find [20]
ΦˆaU (3) = Φa +Q
[
48
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓbcd)
αCαβδλ
βλδ
−24
η
(λ¯Γabλ¯)Cbαβλ
αλβ
]
+ (λΓaO) (3.21)
with Oα being defined by
Oα =
2
η
ξαc Φ
c − 96
η2
ξαe (λ¯Γ
edr)Cdβδλ
βλδ +
192
η3
ξαe (λ¯Γ
efr)(λ¯Γcdr)(λΓfcd)
αCαβδλ
βλδ
(3.22)
Notice that (3.21) is consistent with (3.12).
Likewise, one can compute the action of Φˆα on U (3). To this end, it will be useful to
express (3.20) in the more convenient way
ξαc = −
1
2
(Γabcλ)
α(λ¯Γabλ¯) (3.23)
which follows from the 11D identity
−(Γab)αβ(Γab)δ = 2(Γa)αβ(Γa)δ + 8(Γa)α(δ(Γa))β − 8Cα(δC)β (3.24)
where Cαβ is the standard antisymmetric 11D spinor metric. One can check this identity
by contracting with various p-form gamma matrices on both sides of (3.24). Furthermore,
one can show that (3.24) reduces to the standard 10D identity
(γmn)µρ(γmn)
ν
σ = 4(γ
m)µν(γm)ρσ − 2δµρ δνσ − 8δµσδνρ
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after dimensional reduction. Then, one obtains
ΦˆαU (3) = −32
[{
Q,
6
η3
ξαe (λ¯Γ
efr)(λ¯Γcdr)(λΓfcd)
βCβδλ
δλ − 3
η2
ξαe (λ¯Γ
edr)Cdβδλ
βλδ
}
+
{
Q,
1
16
ξαc
η
Φc
}
+
1
16
ξαc
η
(λΓc)αΦ
α +
1
8η
[
Q,
ξαc
η
]
(λΓcξf )Φ
f
+
3
η2
[
Q, ξαe
]
(λ¯Γedr)Cdβδλ
βλδ − 6
η3
ξαe (λΓ
e
[
Q, ξd
]
)(λ¯Γcdr)Ccβδλ
βλβ
]
(3.25)
After making use of the identity
(λΓc)αξ
c β = −1
2
δβαη −
1
4
(ΓcΓa)βα(λΓ
b
cλ)(λ¯Γabλ¯) +
1
2
(λΓcb)α(λΓc
a)β(λ¯Γabλ¯)
−1
2
(λΓab)αλ
β(λ¯Γabλ¯)− 1
2
(λΓa)α(λΓ
b)β(λ¯Γabλ¯) (3.26)
eqn. (3.25) becomes
ΦˆαU (3) = Φα +
{
Q,−2ξ
α
c
η
Φc +
96
η2
ξαe (λ¯Γ
edr)Cdβδλ
βλδ
−192
η3
ξαe (λ¯Γ
efr)(λ¯Γcdr)(λΓfcd)
βCβδλ
δλ
}
+ λαO + (λΓab)αOab (3.27)
where O and Oab can easily be determined from eqns. (3.25), (3.26). Notice that (3.27) is
consistent with (3.13).
One can continue this procedure and define the remaining physical operators. For
instance, the action of Q on Φˆα in (3.19) reads{
Q, Φˆα
}
=
64
η3
φ ξαc (λ¯Γ
cdr)∂d +
64
η3
(Γabeλ)α(λΓeξd)(λ¯Γabr)(λ¯Γ
cdr)∂c (3.28)
where φ = (λΓabλ)(λ¯Γabr). It is not hard to see that (3.28) is consistent with (3.15). In
this way, the operator Φˆαβ can be extracted from (3.28). We will omit the details of these
computations and take Φˆαβ as being an actual operator.
Therefore, the operator Σˆ defined to be
Σˆ = PaΦˆ
a + dαΦˆ
α − λαwβΦˆαβ (3.29)
will map the ghost number three vertex U (3) onto a ghost number one pure spinor superfield.
One can readily see from eqns. (3.12)-(3.14) this ghost number one object is nothing but
the ghost number one vertex operator (3.1) up to a BRST-exact term which can be ignored
since it will decouple from any physical observable. Hence, one learns that
U (1) =
{
Σˆ, U (3)
}
(3.30)
This relationship can be viewed as a generalization of the ten-dimensional one relating the
ghost number one and zero vertices through the b-ghost expressed in terms of descending
operators [21]. Since this last relation allows one easily to show the cyclic symmetry property
of tree amplitudes in ordinary string theory correlators, one would expect (3.30) to play a
similar role in the 11D scattering amplitude prescription (2.7). We will come back to this
point later on after discussing the construction of the ghost number zero and two vertex
operators.
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4 Ghost number zero vertex operator
The 10D ghost number one and zero vertex operators are related to each other through
either the non-minimal pure spinor or Y-formalism b-ghost [22] as shown in [23]. We
briefly review this 10D property in Appendix A. Here we use the non-Lorentz covariant or
Y-formalism-like worldline 11D b-ghost given by
b =
YαG
α
2
(4.1)
where Yα = ναλν , G
α = (Γad)αPa, and να is a fixed pure spinor. It is easy to see that {Q, b} =
−P 22 , and its Lorentz-transformation is BRST-exact. This last property straightforwardly
follows from the relation [Q,H [αβ]] = λ[αGβ], where H [αβ] is the bispinor appearing in the
construction of the non-minimal 11D b-ghost [12, 13]
bn.m =
1
2η
(λ¯Γabλ¯)(λΓabG) +
1
η2
(λ¯Γabλ¯)(λ¯Γcdr)(λΓab)α(λΓ
cd)βH
[αβ] + . . . (4.2)
where η = (λΓabλ)(λ¯Γabλ¯). Therefore, the variation of (4.1) under Lorentz transformations
with gauge parameter Λαβ is simply given by
δΛb = −1
2
λαΛβαYβYδG
δ +
1
2
YαΛ
α
βG
β = [Q,
1
2
YαΛ
α
YβH
[β]] (4.3)
One then defines the ghost number zero vertex operator as
U (0) = {b, U (1)} (4.4)
By construction, this operator will automatically satisfy the descent equation {Q,U (0)} =
∂τU
(1). Explicitly, one finds that
{b, U (1)} = 1
2
λα(Y Γb)βDβhα
aPaPb − 1
2
λα(Y Γbd)∂bhα
aPa − 1
2
λα(Y Γb)βDβhα
δdδPb
+
1
2
(Y Γbd)λα∂bhα
βdβ − 1
4
(Y Γa)σλαDσΩα bcN
bcPa +
1
4
(Y Γad)λα∂aΩα bcN
bc
+
1
2
P 2λαhα
βYβ +
1
8
P a(Y Γad)λ
αΩα bc(λΓ
bcY ) (4.5)
The use of eqns. (3.2), (3.6) allows us to write the first term of (4.5) in the form
1
2
λα(Y Γb)βDβhα
aPaPb =
{
Q,−1
2
(Y Γb)βhβ
aPaPb +
1
2
(dΓbY )habP
a
}
+ habP
aP b
−1
2
λα(Y Γb)βhβ
δ(Γa)δαPaPb +
1
2
(dΓbY )λα∂bhα
aPa
+
1
2
(dΓbY )λαhb
β(Γa)βαPa − 1
2
P 2λαhα
βYβ
+
1
2
(dΓbY )λαΩα b
aPa (4.6)
Furthermore, eqns. (3.3), (3.7) imply that the third term in (4.5) can be cast as
−1
2
λα(Y Γa)βDβhα
δdδPa =
{
Q,
1
2
(Y Γa)βhβ
δdδPa − 1
2
(Y Γad)ha
δdδ
}
+
1
2
(Y Γa)βhβ
δ(λΓb)δPbPa
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−haδdδP a − 1
8
(Y Γc)βΩβ ab(λΓ
abd)Pc − 1
2
λα(Y Γa)βΩαβ
δdδPa
−1
2
(Y Γad)λα∂ahα
δdδ − 1
2
(Y Γad)λαTaα
δdδ +
1
2
(Y Γad)λαΩaα
δdδ
−1
2
(Y Γad)ha
δ(Γbλ)δPb (4.7)
In addition, the fifth and sixth terms in (4.5) become, respectively
−1
4
(Y Γa)σλαDσΩα bcN
bcPa =
{
Q,
1
4
(Y Γa)σΩσ bcN
bcPa
}
+
1
8
(Y Γa)βΩβ bc(λΓ
bcd)Pa
−1
2
(Y Γa)σλαRσα,δ
βλδwβPa − 1
2
(Y ΓbΓaλ)PbΩaα
βλαwβ (4.8)
1
4
(Y Γad)λα∂aΩα bcN
bc =
{
Q,−1
4
(Y Γad)Ωa bcN
bc
}
− 1
2
P aN bcΩa bc +
1
4
(Y ΓdΓaλ)PdΩa bcN
bc
+
1
4
(Y Γad)λαRaα bcN
bc − 1
8
(Y Γad)Ωa bc(λΓ
bcd) (4.9)
as a consequence of eqns. (3.4), (3.5), (3.8). Lastly, the 7th and 8th terms in (4.5) add up
to give a BRST-exact term,
1
2
λαhα
βYβP
2 +
1
8
Pa(Y Γ
ad)λαΩα bc(λΓ
bcY ) =
{
Q,−1
2
Pa(Y Γ
ad)λβhβ
δYδ
}
(4.10)
After plugging (4.6), (4.7), (4.8), (4.9),(4.10) into (4.5), one arrives at the result
{b, U (1)} =
{
Q,
1
2
(Y Γa)βhβ
δdδPa − 1
2
(Y Γad)ha
δdδ − 1
2
(Y Γb)βhβ
aPaPb +
1
2
(dΓbY )habP
a
+
1
4
(Y Γa)σΩσ bcN
bcPa − 1
4
(Y Γad)Ωa bcN
bc − 1
2
(Y Γad)Pahα
δλαYδ
}
+habP
aP b − haδdδP a − 1
2
P aN bcΩa bc − 1
2
(Y Γad)λαTaα
βdβ − 1
2
P 2λαhα
βYβ
+
1
2
(Y Γad)λαΩαa
bPb − 1
2
(Y Γa)σλαRσα,δ
λδwPa − 1
2
λα(Y Γa)βΩαβ
δdδPa
+
1
4
(Y Γad)λαRaα,bcN
bc (4.11)
One can simplify this expression further through the use of the following equations of motion
R(αβ,δ)
 + (Γa)(αβTa δ)
 = 0
Rαβ,δ
 − 2D(αΩβ) δ + (Γa)αβΩa δ = 0
Ra(α,β)
δ +D(αTa β)
δ = 0 (4.12)
In doing so, one should be careful to keep the gauge invariance under the pure spinor
constraint of (4.11) at each step. For such a purpose, one introduces the 11D pure spinor
projector Kαβ defined as (λΓa)βKαβ = −(λΓa)α, and satisfies the identities λαKαβ =
(λΓab)αKα
β = 0. An explicit expression for it was given in [12] and reads
Kα
β = −1
4
(Y Γa)
β(λΓa)α − 1
2β
(Y Γa)
β(λΓabλ)(Y ΓcbY )(λΓ
c)α
– 10 –
+
3
4β
(Y Γ[ab)
β(Y Γcd]Y )(λΓ
abλ)(λΓcd)α (4.13)
where β = (λΓabλ)(Y ΓabY ). Using this object one replaces wα in (4.11) by the gauge-
invariant object w˜α = (δ
β
α +Kα
β)wβ . Then, (4.11) becomes
{b, U (1)} = habP aP b − haδdδP a − 1
2
P aN bcΩa bc + P
aTa δ
βλδw˜β +
1
2
(Y Γad)λαΩαa
bPb
−1
2
P 2λαhα
δYδ +
1
2
(Y Γad)Ta β
δλβKδ
d +
1
2
(Y Γa)βPaλ
αΩαβ
δKδ
d + {Q,Λ}
(4.14)
where Λ is defined by the relation
Λ =
1
2
(Y Γa)βhβ
δdδPa − 1
2
(Y Γad)ha
δdδ − 1
2
(Y Γb)βhβ
aPaPb +
1
2
(dΓbY )habP
a
+
1
4
(Y Γa)δΩδ bcN
bcPa − 1
4
(Y Γad)Ωa bcN
bc +
1
2
(Y Γad)Ta β
δw˜δ +
1
2
(Y Γa)βPaλ
αΩαβ
δw˜δ
−1
2
(Y Γad)Pahα
δλαYδ (4.15)
Threfore, the ghost number zero vertex operator reads
U (0) = habP
aP b − haδdδP a − 1
2
P aN bcΩa bc + P
aTa δ
βλδw˜β +
1
2
(Y Γad)λαΩαa
bPb
−1
2
P 2λαhα
δYδ +
1
2
(Y Γad)Ta β
δλβKδ
d +
1
2
(Y Γa)βPaλ
αΩαβ
δKδ
d (4.16)
As a double check, one can show that (4.16) indeed satisfies the relation [Q,U (0)] = ∂τU (1),
as should. Note that U (0) possesses nice features: It is gauge-invariant under the pure
spinor constraint, it is Lorentz-invariant up to BRST-exact and total derivative terms, and
its variation under local gauge transformations is BRST-exact. Moreover, although this
vertex explicitly depends on Yα, the latter always appears accompannied by a pure spinor
variable, and so the whole vertex does seem to present a regular behaviour as λα → 0. All
these features make U (0) a good candidate for calculating amplitudes. However, subtleties
might be found when using the prescription (2.7), since it only takes into account pure
spinor variables zero modes. It is interesting to see that this same procedure applied for
the 10D case (see Appendix A) provides a ghost number zero vertex independent of Yα.
5 Ghost number two vertex operator
One can also construct a ghost number two vertex operator by letting the non-Lorentz
covariant b-ghost act on the ghost number three vertex U (3). Concretely,
{b, U (3)} = 1
2
(Y Γa)Paλ
αλβλδDCαβδ − 1
2
(Y Γad)λαλβλδ∂aCαβδ (5.1)
which can be put into the convenient form
{b, U (3)} = −3P aλαλβCaαβ +
{
Q,−3
2
(Y Γa)Paλ
βλδCβδ +
3
2
(Y Γad)λαλβCaαβ
}
(5.2)
– 11 –
Hence, one learns that the Lorentz-covariant ghost number two vertex is given by
U (2) = −3P aλαλβCaαβ (5.3)
Notice that this vertex is independent of Yα as compared to U (0) in eqn. (4.16), it is invariant
up to BRST-exact and surface terms under super-gauge transformations, and satisfies the
descent equation [Q,U (2)] = ∂τU (3).
6 Discussion
We have found a non-minimal pure spinor operator which reproduces U (1) from U (3).
As was pointed out in section 3, this relation can be interpreted as an 11D generalization of
the 10D standard one [21]. It might be potentially used for proving consistency properties
(e.g. cyclic symmetry) of the 11D correlator (2.7) once the relation between Σˆ and U (0) is
better understood.
We have also been succesful in finding a ghost number zero vertex operator which
satisfies a standard descent equation, and possesses invariance under gauge symmetries up
to BRST-exact or surface terms. However, it presents an explicit functional dependence
on Yα = ναλν , which does not vanish even if λ
α is promoted to be a fully pure spinor,
namely satisfying the additional constraint λΓabλ = 0, as suggested in [11]. On the other
hand, the ghost number zero vertex defined via (4.4) explicitly depends on the choice of
the b-ghost, and so it might be not unique if one other b-ghost non-BRST-equivalent to
(4.1) is shown to exist. An argument in favour of this last possibility goes as follows. The
structure of the variable Yα is closely related to the linear term in dα of the non-minimal
b-ghost [19]. In 10D, this term has the structure 1
λλ¯
(λ¯γmd)Pm. Thus, the 10D Y-formalism
b-ghost [22] is immediately obtained from the non-minimal one after eliminating the r-
variables and fixing λ¯α to a constant pure spinor, namely να. If one generalizes this idea
to 11D, one finds from (4.2) that Yα must actually be identified to the somewhat more
complicated expression (νΓ
abν)(λΓab)α
(νΓabν)(λΓabλ)
. The non-Lorentz covariant b-ghost thus constructed
also obeys {Q, b} = −P 22 , and the only potential change one will find when doing the
same manipulations of section 4 will be proportional to Ωαβδ in (3.1). Nevertheless, there
exists one other subtlety related to the equivalence of the non-minimal and Y-formalism
11D b-ghosts which also deserves attention. In 10D, the cohomology of both b-ghosts are
equivalent to each other [22]. On the other hand, the non-minimal 11D b-ghost is only
nilpotent up to a BRST-exact term [13]. Thus, it is still unclear if the nilpotent 11D b-
ghosts constructed out of either Yα = ναλν or Yα =
(νΓabν)(λΓab)α
(νΓabν)(λΓabλ)
can play the same role of
the non-minimal b-ghost in the construction of vertex operators. We leave the analysis and
exploration of these issues for future research.
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A Relation between the 10D vertex operators through the Y-formalism
b-ghost
The 10D pure spinor superparticle is described by the action [24]
S =
∫
dτ
(
Pm∂τX
m + pα∂τθ
α + wα∂τλ
α
)
(A.1)
and the BRST operator
Q = λαdα (A.2)
where dα = pα− 12(γmθ)αPm is the fermionic constraint of the 10D Brink-Schwarz superpar-
ticle [25]. In this appendix we use Latin/Greek letters from the middle/beginning of the al-
phabet to denote 10D vector/Majorana-Weyl-spinor indices. The worldline fields Xm, θα in
(A.1) are the standard 10D superspace coordinates, and Pm, pα are their corresponding con-
jugate momenta. Moreover, λα is a pure spinor satisfying the relation λγmλ = 0, and wα is
its conjugate momentum which is defined up to the gauge transformation δwα = (γmλ)αrm
for some arbitrary parameter rm. The 10D Pauli matrices are denoted by (γm)αβ , (γm)αβ
and satisfy (γ(m)αδ(γn))δβ = ηmnδαβ .
The BRST-cohomology of Q (A.2) is described by the 10D super-Yang-Mills states in
its BV description. Thus, the gauge ghost, physical fields, antifields and gauge antighost can
be shown to appear at ghost number 0,1,2 and 3 sectors of the Hilbert space, respectively.
We will focus here on the ghost number one state, namely V (1) = λαAα. One can readily
see this vertex describes the 10D super-Yang-Mills physical states by letting Q act on it.
One then obtains the conditions
2D(αAβ) = (γ
m)αβAm (A.3)
δAα = DαΛ (A.4)
for some arbitrary superfield Λ. These equations (A.3), (A.4) are exactly the superspace
equations of motion and gauge transformations of 10D super-Yang-Mills. For this reason,
Aα is naturally identified to the lowest mass-dimension component of the 10D super-gauge-
connection.
On the other hand, a ghost number zero vertex V (0) satisfying the relation[
Q,V (0)
]
= Pm∂mV
(1) (A.5)
can be construced out of the worldline fields and the 10D super-Yang-Mills superfields. Its
explicit form reads
V (0) = PmA
m + dαW
α +
1
2
NmnFmn (A.6)
Next, we will obtain (A.15) from V (1) = λαAα through the relation
V (0) =
{
b, V (1)
}
(A.7)
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where b is the Y-formalism b-ghost given by
b =
(Y γmd)Pm
2
(A.8)
and Yα = ναλν , with να being a 10D fixed pure spinor. Then one has,
{b, V (1)} = 1
2
λα(Y γm)βDβAαPm − 1
2
(Y γmd)λα∂mAα (A.9)
Using eqn. (A.3), one finds that
{b, V (1)} =
{
Q,−1
2
(Y γmA)Pm +
1
2
(Y γsd)As
}
+AmPm +
1
2
(Y γsd)λαDαAs
−1
2
(Y γmd)λα∂mAα (A.10)
One can simplify (A.10) further by making use of the equation of motion
DαAm − ∂mAα = (γmχ)α (A.11)
and the 10D gamma-matrix identity (γmn)αβ(γmn)δ = 4(γm)αδ(γm)β− 2δβαδδ − 8δαδβδ . In
this way, one learns that
{b, V (1)} =
{
Q,−1
2
(Y γmA)Pm +
1
2
(Y γsd)As +
1
4
J(Y χ)− 1
4
Nmn(Y γmnχ)
}
+ PmAm + dαχ
α
+
1
4
Nmn(Y γmn)δλ
αDαχ
δ − 1
4
JYδλ
αDαχ
δ
(A.12)
where Nmn = 12(λγ
mnw) is the ghost Lorentz current. Finally, one uses the equation of
motion
Dαχ
β = −1
4
(γmn)α
βFmn (A.13)
to show that
{b, V (1)} =
{
Q,−1
4
Nmn(Y γmnχ) +
1
4
J(Y χ)− 1
2
(Y γmA)Pm +
1
2
(Y γsd)As
}
+(PmAm + dαχ
α +
1
2
NmnFmn) (A.14)
and therefore,
V (0) = PmAm + dαχ
α +
1
2
NmnFmn (A.15)
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